We report on a lattice QCD calculation of the I = 2 ππ scattering length using the overlap fermion formulation for both sea and valence quarks. We investigate the consistency of the lattice data with the prediction of the next-to-next-to-leading order chiral perturbation theory after correcting finite volume effects. The calculation is performed on gauge ensembles of two-flavor QCD generated by the JLQCD collaboration on a 16 3 × 32 lattice at a lattice spacing ∼ 0.12 fm.
I. INTRODUCTION
In Quantum Chromodynamics (QCD), the pattern of chiral symmetry breaking in its vacuum governs the interaction among pions, as dictated by the chiral effective theory [1] .
Beyond the limit of massless soft pions, the pion interaction receives corrections due to finite pion mass and momentum, which can be systematically calculated using the framework of chiral perturbation theory (ChPT) [2] . For the ππ scattering, the two-loop calculation has been performed and the analysis of experimental data has been attempted so far [3] .
Although the phenomenological analysis has provided evidence that the pion scatterings are fitted well by ChPT, it has its own limitation that the range of applicability of the chiral expansion is not known a priori. Since the quark mass in the nature is a constant, it is simply not possible to study the mass range that ChPT can be used. This is relevant to the question whether kaon can also be treated in ChPT on the equal footing. Furthermore, so-called the low-energy constants, the parameters appearing in ChPT, cannot be determined within ChPT. Eventually, one has to solve QCD in order to make a parameter-free comparison with the experimental data.
Lattice QCD calculation provides a powerful tool to approach such a goal. As far as the convergence of the chiral expansion is concerned, the best studied quantities are the pion mass m π and decay constant f π (for a recent review, see for instance [4] ). Among other lattice studies, the JLQCD and TWQCD collaborations investigated the convergence in two-flavor QCD, using the next-to-next-to-leading order (NNLO) of ChPT formula with various expansion parameters that differ only beyond next-to-leading orders (NLO) [5] .
The advantage of this particular work is in the use of the overlap fermion formulation on the lattice. Since the overlap fermion preserves exact chiral symmetry (in massless QCD) while maintaining the flavor symmetry as in the continuum theory, the application of the chiral effective theory is justified, in contrast to other lattice studies using the Wilson-type or staggered lattice fermions, for which some modification of ChPT with extra unknown constants is mandatory. The study [5] showed that the chiral expansion converges well up to the kaon mass region as long as the expansion parameter ξ ≡ m 2 π /(4πf π )
2 is used where finite quark mass correction is included in m π and f π . With this expansion parameter, one could effectively resum a part of higher order terms.
Extension of such study to other physical quantities is important in order to obtain a bet-ter idea on the overall applicability of ChPT. The JLQCD and TWQCD collaborations have so far calculated and analyzed the electromagnetic and scalar form factors of pion [6] using the NNLO formula in ChPT. For these quantities to be consistent with the corresponding phenomenological analysis, it turned out that the NNLO terms have to be included. It is crucial to extend the test of ChPT beyond the simplest quantities studied so far.
In this work, we study the I = 2 ππ scattering length. The lattice calculation of this quantity is easiest among other hadron scattering amplitudes, since the quark-flow diagrams are limited to those without pair-creation or annihilation between initial and final two-pion states. One uses the formula provided by Lüscher to relate the two-pion state energy with the scattering length, or in general scattering phase shift [7, 8] . There have been a number of lattice calculations with and without quenched approximation [10] [11] [12] in the past, and recently more realistic calculations with light dynamical quarks have also been performed [13, 14] . We carry out a similar calculation but using the overlap fermion formulation on the lattice, that has exact chiral symmetry at finite lattice spacings.
Our calculation is carried out on a 16 3 × 32 lattice with lattice spacing a ≃ 0.12 fm.
This two-flavor QCD ensemble is generated by the JLQCD and TWQCD collaborations [15] using the overlap fermion formulation for sea quarks. The sea quark mass ranges from m s /6
to m s with m s the physical strange quark mass. In order to maintain exact chiral symmetry, the global topological charge Q of the SU(3) gauge field is fixed to its initial value in the simulation, which is typically zero. This is irrelevant in the infinite volume limit as the global topological charge should not affect local physics, but induces finite volume effect that scales as 1/V at finite space-time volume V [21] .
Since the lattice volume (1.9 fm) 3 is not as large as those used in previous studies, e.g. [13, 14] , finite volume effects have to be carefully investigated. The effect due to the fixed global topology can be corrected following the strategy outlined in [21] . The conventional finite volume effect due to pions wrapping around the lattice can also be estimated using
ChPT, as calculated for pion mass and decay constant [22, 23] . In this work we use the formula developed in [24] for the ππ scattering.
This paper is organized as follows. After describing the details of the simulation setup in the next section, we discuss the method to extract the two-pion state energy in our calculation in Section III. In Section IV we show numerical results of our simulations and discuss the correction for finite volume effects.
II. LATTICE SETUP
We use the overlap fermion formulation [16, 17] for both sea and valence quarks. Its
Dirac operator for a massive quark is written as
where On these ensembles, the global topological charge Q is fixed to zero during the HMC simulations in order to suppress the occurrence of the unphysical near-zero modes of
This makes the application of the overlap operator D(m) much faster. The effect of artificially fixed topological charge on the physical quantities can be understood and indeed be corrected as a finite volume effect of O(1/V ) [21] , which will be discussed later.
III. CORRELATION FUNCTIONS
In order to extract the ππ scattering length through Lüscher's formula [7, 8] , we need the energies of π and ππ system in a finite volume. The energy of a hadron state h is extracted from the correlation function C h (t; t 0 ), which describes the temporal propagation of the state from t 0 to t. The source and sink operators are chosen such that they have some overlap with the state of interest. In our calculation, we consider C π (t; t 0 ) and C ππ (t; t 0 ) defined by
where π(t, x) is an interpolating field of the pion, a local pseudo-scalar density. The source operator W (t 0 ) corresponds to a wall source spread over the space. For the calculation of the scattering length, only the zero-momentum states are necessary; the correlators eq. (2) and eq. (3) are projected onto the zero-momentum states.
The operators π(t, x) and W (t) are written in terms of quark fields u and d as
The wall source is used on gauge configurations fixed to the Coulomb gauge.
For the I = 2 scattering amplitude we can consider a scattering of two π + 's, so that no creation or annihilation of quarks occur between t 0 and t. The Wick-contracted quark-line diagrams are shown in Figure 1 . In addition to the "direct" contribution where the twopion states do not exchange valence quarks (left), there is a valence-quark exchange diagram, which is called "crossed" (right).
Since the temporal extent of the lattice is finite, the correlation functions are not simply an exponential function, C(t; 0) ∼ exp(−m π t), decaying in time by a rate m π , but have a structure that reflects the boundary condition. For the periodic boundary condition in the temporal direction, the two-point function has the form exp(−m π t)
where the second term describes the state propagating backward in time. Here, T is the temporal extent of the lattice. shown in Figure 2 . Two of them contain the two-pion state, while the others contain only one pion at a given time-slice. Thus, the four-point function C ππ (t; 0) may have a form
where α and β are constants. E ππ represents the two-pion state energy. The second term in eq. (6) represents the effect from two pions propagating in opposite directions in time and is called the wrap-around term since one pion wraps around the temporal direction. It amounts to a constant contribution. Although this effect is suppressed for large T as exp(−m π T ), its contamination could become non-negligible in the middle of the lattice, since the twopion state signal is also suppressed as exp(−E ππ T /2) ≃ exp(−m π T ). We therefore fit the two-pion correlator by eq. (6).
In order to identify the time-separations where the ground state dominates, we consider the following ratios:
At large time separations, these ratios approach the form given in the second line of each equation, as the ground state dominates. From these ratios, we may extract the effective mass m π (t) and effective two-pion energy E ππ (t) for each time slice. By inspecting the resulting effective energies, we are able to identify the region where the ground state dominates.
In the actual simulation, we adopt a technique called low mode average (LMA), [29, 30] for the correlation function. In this technique the quark propagator is separated into the eigenmodes of the overlap-Dirac operator. Then, a part of the correlation function, in which only low modes of the quark propagator participate, is averaged over the time of the source, as shown in Appendix A. By taking an average we expect to gain statistics and have a more stable plateau in the correlation function of pions.
Showing numerical results of the effective energy, here we discuss the impacts of the LMA and the wrap-around effects on the correlation functions.
For the two-point function, it is found that the correlation function with LMA has smaller statistical errors than the one without LMA for all quark mass. This is consistent with previous results [38] . For the four-point function, we show in Figure 3 the two-pion effective energy obtained from eq. (8) Especially, for m = 0.100, the data show larger statistical errors with LMA. We therefore use the effective energy without LMA at the heaviest quark mass for the following analysis.
In Figure 4 , we compare the effective energy extracted from the four-point function with
and without taking account of the wrap-around term. The latter is done by fitting the effective energy only with the hyperbolic cosine term, the first term of eq. and without the wrap-around term (crosses) at each quark mass. For ma = 0.100 E ππ (t) is extracted without LMA while for other quark masses E ππ (t) is extracted without LMA.
other hand the effective energy with the wrap-around term has larger statistical errors near t ∼ T /2. This can be understood as follows. As t approaches T /2, the hyperbolic cosine behaves like a constant. Due to this nearly degenerate behavior, the errors become large when one fits the correlation functions near t ∼ T /2 to the sum of the hyperbolic cosine and the constant terms.
As the quark mass becomes smaller, the effective energy without the wrap-around term which is important in determining E ππ , the effect of the wrap-around term is small. For m = 0.070 and 0.100, it turns out that E ππ determined from the effective energy without the wrap-around term in the range 6 ≤ t ≤ 9 coincide with the one with the wrap-around term. In later analysis we use the former.
In summary, using LMA for the whole quark masses except m = 0.100 and including the wrap-around terms except m = 0.700 and 0.100, we fit the correlation functions in the time range 9 ≤ t ≤ 15 and obtain the ground state energies m π and E ππ . For m = 0.100, the effective energy is extracted without the LMA, and the time range is chosen to be 6 ≤ t ≤ 9
for m = 0.070 and 0.100 so that the effective energy coincides with and without the wraparound term. The results are shown in Table I together with the statistics, i.e. the number of configurations used in the calculation of two-and four-point functions.
IV. SCATTERING LENGTH
Next, we explain how we extract the scattering length at the physical pion mass from the energies m π and E ππ in a finite volume obtained in the previous section.
A. Lüscher's Formula
Lüscher's formula [7, 8] relates the energy of two hadrons in a box of size L with the scattering phase shift of two hadrons δ. For the two-pion case, the relation is
k is the pion momentum in the center-of-mass system and is related to the ππ energy, E ππ ,
E ππ is measured on the lattice in the center-of-mass system, obtained in the previous section. The function S is defined as follows [9] :
= lim
Near the ππ threshold, the inverse functions of S can be expanded in terms of 1/L and it leads to the following expression
where a ππ is the ππ scattering length defined by
The numerical constants c 1 and c 2 are −2.837297 and 6.375183, respectively [7] .
B. Finite Volume Effects
Through Lüscher's formula eq. (12), we can extract the scattering length a ππ from m π and E ππ measured on the lattice. However, there are corrections neglected in deriving eq. (12), i.e. the finite volume effects. These corrections are small if the volume is large enough. But the spatial size of our lattice L = 16 × 0.1184 fm ∼ 1.9 fm, which is not large enough to neglect these corrections a priori. We therefore investigate the impact of finite volume effects in our data. We investigate the conventional effect due to pions wrapping around the lattice and also the effect due to the fixed global topology.
Analytical Formula
Since the periodic boundary condition is imposed in the spacial direction of the lattice, particles can wrap around the lattice and quantum fluctuations of the virtual particles,
i.e. loop contributions, to the physical quantities are modified. The modifications induce corrections of O(exp(−mL)) to physical quantities measured in the finite box of size L, where m is the mass of the virtual particle. The corrections are dominated by the lightest particle, the pion, and become more important as the pion mass becomes smaller in the simulation. These pion-loop corrections can be estimated using ChPT.
We need to know the correction for the ππ scattering length ∆a ππ as well as the correction for the pion mass ∆m π . ∆m π is known at NNLO of ChPT [5] while ∆a ππ is obtained as described below.
From the ππ scattering length in a finite box a ππ (L) the ππ scattering length in the infinite volume a ππ can be obtained as
where ∆(k cot δ) is the correction for k cot δ in a finite box,
The formula for ∆(k cot δ) is calculated at the NLO of ChPT in ref. [24] , which is expanded in (m π L) −1 in the low-momentum limit as ∆I and ∆J exp are defined with the modified Bessel and Struve functions as in ref. [24] , and c(n) is the multiplicity factor, i.e. how many times the discretized momentum with n = | n| appear in the sum. In Figure 5 Therefore we use eq. (16) instead of the expanded form, eq. (17), when we estimate the finite volume effect of virtual pion loops.
In addition to these pion-loop corrections, we also consider the finite volume effect due to the fixed global topology. This effect causes corrections of O(1/V ) to the Green functions in general and can be estimated once the topological susceptibility and the Q dependence of the physical quantity of interests are known [21, 31] . The topological susceptibility has been calculated for the JLQCD gauge configurations recently. The Q dependence can be obtained through ChPT. At the leading order of ChPT, only the pion mass depends on Q. In the present analysis, we therefore include this effect on the pion mass as done in [5] .
Then, the effect on the scattering length is calculated at the NLO of ChPT as explained in Appendix B. The correction for E ππ − 2m π (L) due to the fixed global topology can be expressed as
Here f is the pion decay constant in the chiral limit, χ t is the topological susceptibility, l ′ a , which is defined in Appendix B, is a combination of the low-energy constantsl i at the renormalization scale µ, V is the four-dimensional volume V = L 3 ×T , and m π (0) is the pion mass at θ = 0. We obtain m π (θ = 0) by combining the pion mass calculated by ourselves for the fixed topology and the correction estimated by the JLQCD collaboration [5, 32] . For f and χ t , we use the known results calculated on the same gauge configurations [5, 32] . l ′ a (µ) is calculated from the phenomenological values of the low-energy constants [3] .
Numerical Results
To estimate the finite volume effect, we first calculate E ππ −2m π (L) from the uncorrected m π (L) and E ππ (Table I ) . Secondly, we include finite volume effect due to the fixed global topology, δ E ππ − 2m π (L) , eq. (18) . From E ππ − 2m π (L) with corrections due to the fixed global topology taken into account, the scattering length a ππ is obtained through Lüscher's formula, eq. (12) . Finally, we take into account the finite volume effect due to the pion-loop corrections, ∆(k cot δ)(L) using eq. (16), and obtain m π a ππ .
In the above procedure we use the corrected pion mass including finite volume effects on the r.h.s. of eq. (18), eq. (12) and eq. (16) . The corrected pion mass, m π , is given as
where R m and T m are the corrections from the pion loop and the fixed global topology, respectively, obtained by the JLQCD collaboration [35] . We summarize each of the corrections in Table II . In this table, all the quantities are given in the lattice unit, and the first and second errors in 1 + T m are due to the errors of χ t and the low-energy constants, respectively.
In Table III we summarize finite volume effects on E ππ − 2m π (L) and the scattering length. From this table, it is seen that the pion-loop corrections, ∆(k cot δ)(L)/m π , increase as the quark mass becomes lighter, while the corrections due to the fixed global topology, 
, become important for heavier quark masses. However, it turns out from m π (L)a ππ (L) and m π a ππ that these finite volume effects are not so large, in fact as large as a few %, except for the largest quark mass where the effect is about 10 %. In Table III we also show the chiral expansion parameter,
, which will be used in the chiral extrapolation in the next subsection. In our notation, the pion decay constant, f π , should correspond to the experimental value, 132 MeV, at the physical pion mass. This should be kept in mind when one compares our results with others' because in some references a different convention for the pion decay constant is adopted.
C. Chiral Extrapolation
In this subsection we extrapolate the scattering length to the physical pion mass from those at the lattice data points obtained in the previous subsection. The overlap formalism has exact chiral symmetry on the lattice and the results obtained with this formalism are expected to be consistent with ChPT even at finite lattice spacings. Following ref. [28] , the scattering lengths for different values of the chiral expansion parameter, ξ, are fitted by the expression of the scattering length at the NNLO of ChPT, which is cast in the form 
are the corrections from the fixed global topology and the pion loop, respectively. a ππ (L) and a ππ are the uncorrected and corrected ππ scattering length, respectively.
The chiral expansion parameter ξ is also shown. as is given in Appendix C. Here l
ππ s are combinations of the low-energy constants in ChPT at a quark-mass independent scale. l ππ is kept to be zero as done in [5] . This is because practically l (2) ππ is hard to be determined. Instead, we checked how much the fitting parameters change by including l (2) ππ as its phenomenological value and incorporated the changes as systematic errors. For comparison, the data are also fitted by the NLO formula of ChPT with one parameter l Table IV summarizes the low-energy constants, l
ππ and l In Figure 7 we show l ππ and m π a ππ than the NLO fit. This is because the former has more fitting parameters than the latter. From Figure 7 one sees that the central values of l (1) ππ obtained by the NNLO fit are consistent with the phenomenological value given in [3] , while, those obtained by the NLO fit seem to slightly deviate from the phenomenological values. These results including a change in convexity of the fitting curve suggest a significance of the NNLO contributions especially for the heavier quark masses. Still, the values of the parameter, l (3) ππ , which are determined using 4, 5 and 6 quark masses, are very much different. More precise determination of l (3) ππ demands more data points at lighter quark masses and careful analysis for the chiral extrapolation of the scattering length. It is noted, however, that the m π a ππ can be extrapolated to the physical pion mass with relatively small errors. The extrapolated scattering length is compared with the newly reported experimental value extracted from the kaon decay measurement [33, 34] . It is remarkable that the extrapolated value at the NNLO of ChPT agrees with the result of ref. [33] . We should also mention that our results are consistent with the results of other groups within errors. 4pt, 5pt, and 6pt below the points mean that 4, 5, and 6 quark masses are used for the fitting,
respectively. The open circles are phenomenological values obtained by E865 [36] , NA48/2 [37] and CGL [3] collaborations and the open triangles are the results of lattice simulations by NPLQCD group [13] and DESY group [14] .
V. SUMMARY
We have calculated the I = 2 ππ scattering length using the gauge configurations generated by the JLQCD collaboration with the two-flavor dynamical overlap fermion. The overlap fermion action has exact chiral symmetry on the finite lattice, which enabled us to compare the calculated results with the chiral perturbation theory in the continuum.
We have adopted the technique called low mode averaging in order to gain statistics for the correlation function and have taken into account the wrap-around term in the parametrization of the correlation function in order to identify the contribution of the ground state in the correlation function.
We have also investigated finite volume effects on the physical quantities, which appear due to pion-loop corrections and also due to fixed global topology. We have taken into account corrections of these effects on the ππ scattering length. In order to estimate the correction due to fixed global topology we have used the topological susceptibility obtained by JLQCD for the same gauge configurations. From our calculation, it is found that the corrections are small and the lattice volume used for the present calculation is large enough to suppress finite volume effects.
The calculated results are fitted by the NNLO ChPT and also the NLO ChPT for comparison, from which the scattering length at the physical pion mass is extrapolated. It is found that the NNLO ChPT and the NLO ChPT fit the calculated pion mass, the ππ scattering length and the low-energy constant of ChPT equally well. However, the obtained scattering length and the low-energy constant of ChPT at the NNLO ChPT agree slightly better with the experimental ones than those obtained at the NLO ChPT.
The scattering length extrapolated to the physical pion mass assuming the NNLO ChPT is m π a ππ = −0.04410(69) (18) , in which the numbers in the first and second parentheses represent the statistical error and the systematic error from using the truncated formula.
The extrapolated scattering length is in good agreement with the experimental result. A combination of the low-energy constants of ChPT obtained by fitting the calculated results is also consistent with the phenomenological value.
where χ t is the topological susceptibility, V is the volume of the lattice and θ s = iQ χtV is the saddle point.
Assuming that m n (θ) = m n (0) + 1 2!
we can approximate G Q n as
where
Therefore, on the one hand E ππ − 2m π is given as
with the fixed topological charge, Q. On the other hand, E ππ − 2m π is given from Lüscher's formula, eq. (12), and the ChPT, eq. (C3), as
In the last line, the following formula for the pion decay constant f π is used.
where f is the pion decay constant in the chiral limit. Then, we assume that the θ-dependence of E ππ − 2m π appears only through that of the pion mass, which is taken into account by changing m π into the following form of m π (θ) m π → m π (θ) = 2B 0 m q cos(θ/N f ),
where m q is the quark mass and N f is the number of the flavor. By taking the second derivative of eq. (B10) by θ, substituting it into eq. (B7) and setting Q = 0, we obtain the following expression for the finite volume correction due to the fixed global topology:
